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We present a general approach to measurement-based quantum feedback that employs indepen-
dent variation of quantum state-based and proportional (PaQS) feedback components to obtain
locally optimal feedback protocols. To demonstrate the power of the method, we apply it to genera-
tion of high-fidelity multipartite entanglement with an emphasis on remote entanglement, requiring
spatially local feedback Hamiltonians. The symmetry of both measurement and feedback operators
is found to be essential for construction of effective protocols. We show that entangled states can
be reached with fidelity approaching unity under non-Markovian feedback control protocols, while
Markovian protocols resulting from optimizing the feedback unitaries on ensemble averaged states
still yield fidelities above 94%. Application of the PaQS approach to generation of N-qubit W, Dicke
and GHZ states shows that such entangled states can be efficiently generated with high fidelity, for
up to N = 100 in some cases.
Entanglement [1] is a crucial resource for quantum in-
formation science, with applications in secure cryptog-
raphy [2], long-range quantum state transfer [3], quan-
tum computation [4], quantum-enhanced sensors [5–7]
and quantum simulation [8]. Many applications, partic-
ularly large-scale quantum information processing, will
require modular quantum devices that are able to talk to
each other [9, 10]. However, the objects that we would
like to entangle often have little or no direct interac-
tion to enable entanglement generation, either because
they are separated by significant distances, or because
of intrinsically weak physical interactions. The former
is the case in most quantum networking applications, as
well as in nitrogen vacancy centers, for which large inter
qubit spacing is necessary to maintain coherence proper-
ties [11]. The latter is the case for dilute neutral atoms,
which have received considerable interest for generation
of spin-squeezed states involving large numbers of entan-
gled atoms [12, 13].
When no direct interaction is available, joint measure-
ment on all parties offers a practical method to project
the total system into a desired entangled state. This has
been demonstrated by interfering spontaneously emit-
ted optical photons emitted from (artificial) atomic sys-
tems [14–17], and also by performing cavity-QED-based
joint measurements on superconducting qubits [18] or
cold neutral atoms [19].
However, the stochastic nature of a quantum measure-
ment prevents such an approach from succeeding with
unit probability target [20]. In order to improve the
probability of reaching an entangled state, or to obtain it
deterministically, one can then add control via feedback
unitary operations. Several experimental and theoreti-
cal works have shown that this approach can yield de-
terministic remote entanglement generation between two
∗ songzhang@berkeley.edu
qubits [21–23]. For multi-partite entanglement genera-
tion, Ref. [13] experimentally demonstrated a feedback
strategy for deterministically preparing an ensemble of
atoms near the maximally spin-squeezed subspace. Pre-
viously, Refs. [24], [12], and [25] gave state-based i.e.,
non-Markovian protocols for deterministic preparation of
Dicke states. Generation of multi-spin states has also
been discussed in the theoretical control literature in the
context of state stabilization [26–28]. In the conclusion of
Ref. [12], the authors emphasize both the experimental
difficulty of implementing non-Markovian protocols and
the importance of constructive methods to derive feed-
back control laws, but leave these issues as open problems
for future research.
In the current work, we address both of these tech-
nical issues by deriving a general method for construct-
ing locally optimal feedback protocols. Our approach is
based on introduction of time-dependent feedback uni-
taries composed of two independently varying compo-
nents, one of which depends linearly on the measure-
ment outcome with a state-dependent coefficient, while
the other depends only on the quantum state. We term
this approach “quantum state and proportional feed-
back” (PaQS feedback), to emphasize the increased flex-
ibility offered by these two independent feedback com-
ponents. We also show how this construction can be
modified to guarantee Markovianity, meaning that each
feedback operation only depends on the immediately pro-
ceeding measurement outcome, which greatly simplifies
experimental implementation. Although the result is ap-
plicable to any system in which measurement-based feed-
back is possible, we demonstrate this formalism by giv-
ing a systematic treatment of entanglement generation in
three-qubit systems and beyond, emphasizing the crucial
role of symmetry in achieving high fidelity. We shall con-
sider here generation of both the N -qubit GHZ states and
the full range of N -qubit symmetric Dicke states, from
W states to half-filled states, which are maximally spin
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FIG. 1: A diagrammatic picture illustrating what
happens during a measurement-feedback cycle over time
dt.
squeezed. In most cases, our protocols are characterized
by a high degree of symmetry, and derived using general
analytic techniques that allow us study up to 100 qubits.
These advantages offer remarkably simple experimental
implementations of the feedback controller.
Our protocols rely on the fact that realistic measure-
ments acquire only partial information over a finite time
interval. This so-called continuous measurement formal-
ism [29] may in principle be applied to any system in
which the measurement signal is collected with high ef-
ficiency, but has proven particularly useful for supercon-
ducting qubits [18, 23, 30–33]. Feedback consists of ap-
plying additional control unitary operations conditional
on the outcome of the continuous measurement. To
maintain compatibility with the desired application of
remote entanglement, we restrict the control unitaries to
local rotations on each qubit.
The remainder of the paper is organized as follows.
In section I, we summarize the evolution of a general
quantum state under continuous measurement and feed-
back as described by the stochastic master equations.
Next, we develop a general formalism for efficiently com-
puting locally optimal protocols in the context of any
measurement-based feedback system. Section II and III
then develop locally optimal protocols for generation of
Dicke and GHZ states respectively, based on this for-
malism. An important result of section II is the con-
struction of a general method for deriving locally op-
timal Markovian feedback protocols. In Section IV we
provide a summary of the results and an outlook for fu-
ture work. Key calculational details and supplementary
materials are presented in the Appendices, along with
an additional technique for deriving feedback protocols
based on entanglement measures.
I. CONTINUOUS MEASUREMENT WITH
LOCALLY OPTIMAL FEEDBACK
In this section, We first introduce the theoretical
framework of continuous measurements with feedback.
Then we will find the locally optimal feedback control
which will be our main protocol to generate Dicke state
and GHZ state in later sections.
A. Continuous measurement and feedback
We consider a joint measurement that is realized by an
indirect simultaneous measurement on multiple qubits.
Such measurements are routinely made for superconduct-
ing qubits in the dispersive regime, using homodyne de-
tection of cavity transmission [18, 23, 32, 34]. For a
perfect measurement, the readout voltage of the signal is
given by
dV = 〈X〉(t)dt+ dW√
8k
(1)
where X is the measurement operator which will be spec-
ified in detail below, 〈·〉 denotes the trace average of this,
dW is a Wiener increment satisfying dW (t)dW (t′) =
δ(t − t′)dt that represents the quantum uncertainty in
the homodyne detection (represented by white Gaussian
noise in the continuous limit [35, 36]) and k is the mea-
surement strength.
The evolution of the quantum state conditioned on this
measurement signal is given by a stochastic master equa-
tion (SME), given by
dρ = − i
~
[HS , ρ]dt+ 2kD[X]ρ(t)dt+
√
2kH[X]ρdW. (2)
Here HS is the system Hamiltonian which is not rele-
vant to this analysis and will henceforth be set to 0,
D[X]ρ = XρX† − 12 (X†Xρ + ρX†X), and H[X]ρ =
Xρ+ ρX†−〈X +X†〉ρ. The second, deterministic, term
of order dt describes the dephasing effect of the measure-
ment and is just the usual dissipator term in the Marko-
vian master equation. It describes the unconditioned dy-
namics of an open system coupled to an external bath,
i.e., the dynamics after averaging over all possible mea-
surement records. The third, stochastic, term of order
dW continuously updates ρ based on knowledge gained
from the measurement.
To incorporate feedback into such a continuous mea-
surement process, we select an infinitesimally small time
interval, say from t to t + dt. Evolution under the SME
over a short period of time may be generally expressed
via operators as
ρMt+dt =
ΩdV ρtΩ
†
dV
Tr(ΩdV ρtΩ
†
dV )
, (3)
where the superscript M denotes the state resulting
from the measurement, and ΩdV is a set of measure-
3ment operators defining a positive operator valued mea-
sure (POVM)
∑v2
v1
Ω†dV ΩdV with every subset [v2, v1] of
the range of dV . The complete set of POVM opera-
tors is only constrained by the normalization condition
I =
∫
dV Ω†dV ΩdV . One may recover the SME Eq. 2
from Eq. 3 by taking
ΩdV =
(
4k
pidt
) 1
4
exp
[
−2kdt
(
dV
dt
−X
)2]
, (4)
where the prefactor is determined by the normalization.
As the qubits are assumed to be too remote to allow
direct interactions, we construct a unitary feedback op-
erator in the form of local rotations on each of the N
qubits,
UF (θ1, nˆ1; θ2, nˆ2; ...θN , nˆN ) =
N⊗
i=1
U(θi, nˆi). (5)
Here (θi, nˆi) are the rotation angle parameters for the
ith qubit and U(θ, nˆ) = e−i
θ
2 nˆ·~σ is the rotation oper-
ator on a single qubit. ~σ = (X,Y, Z) denotes the usual
Pauli operators. These rotation angles will be determined
based on the measurement result. For simplicity, we as-
sume that these rotations are realized instantaneously.
After adding the feedback, the complete evolution of
the qubits over a single infinitesimal cycle of measure-
ment and feedback (see Fig. 1) is described by the fol-
lowing:
ρct+dt = UF ρ
M
t+dtU
†
F = UF
ΩdV ρtΩ
†
dV
Tr(ΩdV ρtΩ
†
dV )
U†F (6)
where the superscript c indicates this state is obtained
after the feedback control.
B. Locally optimal control protocol
Now we are ready to state the locally optimal control
problem in our case and find the solution. Suppose we
have a state ρt at time t, and that we ultimately wish
to reach some target state |ψT 〉. In this work we shall
focus primarily on the fidelity with respect to the target
state as the cost function, whose optimization determines
the parameter of the feedback operator. If we choose
the feedback operator to take the generic form UF (θ) =
e−iθHF /~, then the fidelity after feedback is given by
Ft+dt(θ) = 〈ψT |UF (θ)(ρt + dρ)U†F (θ)|ψT 〉. (7)
For convenience, we shall set ~ = 1 from now on. Our
local optimality condition is given by
G ≡ ∂Ft+dt(θ)
∂θ
= 〈ψT |
[
U ′F (θ)(ρt + dρ)U
†
F (θ) + h.c.
]
|ψT 〉
(8)
= −i〈ψT |[HF , ρc]|ψT 〉 = 0
where ρc = UF (θ)(ρt + dρ)U
†
F (θ). To find an analytical
form of the solution θ∗, we observe that dρ is infinitesimal
in the limit of dt→ 0. If as we shall assume ρt is already
optimized from the previous time step, then typically θ∗
will be O(dρ) as well (we deal with possible exceptions
below). We can therefore parameterize the rotation angle
as
θ∗ = A1(t)dW +A2(t)dt. (9)
Expanding UF to second order in dW and making use of
Ito’s lemma [36] yields
U ≡ I − iA1HF dW − (iA2HF + 1
2
A21H
2
F )dt. (10)
Substituting this in Eq. (8), together with the stochastic
master equation Eq. (2) for dρ, lead to the following
explicit form for G:
G =− i〈ψT |[HF , ρt]|ψT 〉 − i〈ψT |[HF ,D[Y ]ρtdt+H[Y ]ρtdW ]|ψT 〉 −A1〈ψT |[HF , [HF , ρt]]|ψT 〉dW (11)
− iA21〈ψT |[HF ,D[HF ]ρt]|ψT 〉dt− 〈ψT |[HF , [HF , A1H[Y ]ρt +A2ρt]]|ψT 〉dt,
where we have defined Y =
√
2kX to suppress k in the
result. We now solve Eq. (11) order by order in dW .
Despite the large number of terms, it is nevertheless pos-
sible to solve for A1 and A2 in complete generality. The
only assumption we make is that the optimal rotation
was applied at the immediately preceding time step, so
that Ft(θ) is maximized at θ = 0. This is required for
consistency with the assumption that the input state ρt
is already optimized and θ∗ is infinitesimal. It implies
that ∂Ft(θ)/∂θ|θ=0 = −i〈ψT |[HF , ρt]|ψT 〉 = 0, so that
the first term in Eq. (11)) may be dropped. Terms pro-
portional to dW yield a linear equation in A1, which is
easily solved. Once A1 is known, terms proportional to
dW 2 = dt are gathered to yield another linear equation,
this time for A2. The final result in full form is
4A1 =
−i〈ψT |[HF , Y ρt + ρtY †]|ψT 〉
〈ψT |[HF , [HF , ρt]]|ψT 〉 (12)
A2 =
−〈ψT |[HF , iD[Y ]ρt +A1[HF , Y ρt + ρtY †] + iA21D[HF ]ρt]|ψT 〉
〈ψT |[HF , [HF , ρt]]|ψT 〉 .
Using Eq. (1), the locally optimal feedback rotation
can also be written as
θ∗ =
√
8kA1dV + (A2 − 2A1〈Y 〉)dt, (13)
from which we see that A1 can be identified with a pro-
portional feedback term, while the second term - depen-
dent on A1, A2, and the state at time t - can be identified
with an additional time dependent effective Hamiltonian
drive.
Inserting the form of θ∗ into equation (3) and expand-
ing it to second order in dW yields the following SME
for evolution under the locally optimal control:
dρ = D[Y ]ρdt+H[Y ]ρdW − i(A1dW +A2dt)[HF , ρ]
+A21D[HF ]ρdt− iA1[HF , Y ρ+ ρY †]dt. (14)
So far, we have assumed that the optimal angle is in-
finitesimal. However, Eq. (8) only guarantees that the
solution θ∗ is a local extremum and does not guarantee
that it is necessarily a maximum. A sufficient condition
for it to be a local maximum is that the second derivative
of the fidelity function evaluated at θ∗ be negative:
∂2Ft+dt(θ)
∂θ2
∣∣∣∣
θ=θ∗
= −〈ψT |[HF , [HF , ρc]]|ψT 〉
∣∣∣∣
θ=θ∗
< 0.
(15)
A detailed discussion of this second derivative test is
given in Appendix A. Failure of this test indicates pres-
ence of a local minimum from the infinitesimal solution.
Then we will need a large (i.e., non-infinitesimal) rotation
to maximize the fidelity by searching for a local maxi-
mum over the entire angle range. As we demonstrate
in subsequent sections, when combined with symmetry
requirements, infinitesimal rotations work well for the
preparation of W states, and also for Dicke states more
generally. However, the GHZ state requires large rota-
tion angles, illustrating an important exception to the
infinitesimal optimal rotation equation.
Note that the functions A1 and A2 are dependent on
both the initial and target states, as well as on the state
at time t. Dependence on the current state implies im-
plicit dependence on the full measurement record, yield-
ing a potentially non-Markovian feedback protocol. In
the next section, we describe how it may be modified to
define a Markovian feedback protocol. It should also be
noted that A1 and A2 can in principle become singular if
HF commutes with ρ. However, when [HF , ρ] = 0, feed-
back will have no effect on the state, implying that Ft
is constant. In this situation one may simply set θ∗ = 0
and proceed to the next iteration, so that the singular
denominator is never encountered. Other singular cases
may be treated with a global search over all possible val-
ues of θ. At the initial step, we assume that the controller
chooses the rotation angle θ∗ that ensures a global max-
imum of Ft=0. During evolution of the state, the above
protocol typically continues to pick θ∗ as the maximum
of Ft and thus maintains the system on a locally (time-
)optimal trajectory. However even if Eq. (15) remains
negative, it is quite possible that the nearest local maxi-
mum of Ft can fail to be the global maximum. The only
way to catch such instances is to occasionally undertake
a brute-force maximization of F and to thereby check
whether the local maximum identified by Eq. (12) is also
a global maximum. Developing efficient routines for find-
ing such ’shortcuts’ remains an interesting direction for
future work.
Although the general optimization formalism above
has been illustrated using fidelity with respect to a de-
sired target state as the cost function, it could straight-
forwardly be applied to other linear cost functions. Going
beyond linear protocols, appendix C shows how entan-
glement measures can be used as cost functions, with a
protocol to generate the 3-qubit GHZ state by optimizing
the 3-tangle. This necessitates significant differences in
the protocol, since the cost function is not only nonlinear
but also invariant under local unitaries.
II. GENERATION OF W AND DICKE STATES
We now apply the locally optimal protocol developed
in Section I to the generation of both W states and gen-
eral Dicke states. We first consider W states. The W
state represents one type of three qubit entanglement and
is given by
|W 〉 = 1√
3
(|001〉+ |010〉+ |100〉), (16)
that possesses zero three-way entanglement but max-
imally retains bipartite entanglement on loss of a
qubit [37]. To prepare the W state, we first choose a
measurement observable
XW = Z1 + Z2 + Z3, (17)
where Zi is the Pauli operator along the zˆi axis for qubit
i. The W state is an eigenstate of XW , with eigenvalue
1. This implies that for any initial state ρ0, the long time
5limit of evolution under continuous measurement of XW
in the absence of feedback will result in projection onto
the W state with probability pW = 〈W |ρ0|W 〉.
To increase this success probability, we apply the
fidelity-optimized protocol of the previous, choosing the
target state as |ψT 〉 = |W 〉. To choose a proper feed-
back rotation operator, we generalize the locally optimal
two-qubit feedback unitary used to generate the 2-qubit
W state [|10〉+ |01〉] /√2 in Ref. [21], which was shown
to provide a globally optimal protocol for both maximal
fidelity and concurrence [22]. As in that work, we re-
strict the evolution of each qubit to lie in the xz plane
(φi = 0, i = {1, 2, 3}), with local rotations around the y
axis having equal angles for each of the three qubits, i.e.,
θ1 = θ2 = θ3 = θ. The latter condition is consistent with
the fact that both the target W state and the observable
XW are symmetric with respect to any permutation of
the three qubits. For the W state, the rotation operator
in Eq.(5) then takes the following form
UWF (θ) = e
−i θ2 (Y1+Y2+Y3), (18)
where Yi are the Pauli operators along the yˆi axis for
qubit i. If our initial state is also symmetric to permu-
tation of the qubits, then this condition guarantees that
the state will only evolve in the symmetric subspace HSW
spanned by
|φ1W 〉 = |000〉 (19)
|φ2W 〉 =
1√
3
(|001〉+ |010〉+ |100〉) (20)
|φ3W 〉 =
1√
3
(|011〉+ |101〉+ |110〉) (21)
|φ4W 〉 = |111〉, (22)
in which all states are invariant to particle exchange. To
see this, consider an arbitrary operator P from the per-
mutation group S3. This clearly commutes with both
XW and U
W
F (θ) in Eqs. (17) and (18), so that we may
use Eq. (6) to obtain
Pρct+dtP = U
W
F Pρ
M
t+dtPU
W†
F = U
W
F
ΩdV PρtPΩ
†
dV
Tr(ΩdV ρtΩ
†
dV )
UW†F
(23)
= UWF
ΩdV ρtΩ
†
dV
Tr(ΩdV ρtΩ
†
dV )
UW†F = ρ
c
t+dt.
Experimentally it is generally easy to prepare qubits
in a product state, so we shall assume without loss of
generality that the initial state is |000〉. We emphasize
that the choice of symmetrized equal rotation angles in
Eq. (18) is not just a simplification but is actually es-
sential to generate the W state with high fidelity at long
times. This can be seen by the following analysis. The
eigenspace of the measurement observable XW to which
the W state belongs is triply degenerate and spanned by
|001〉, |010〉, |100〉. Without the symmetry constraint on
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FIG. 2: Fidelity of controlled state with respect to the
W state, FW starting from the initial product state
|000〉. The solid red line shows results calculated with
the trajectory ensemble approach (TEA) and the
dashed red line shows results calculated with the ASLO
approach. The dashed blue line shows the results
obtained with measurement alone, i.e., in absence of
feedback, after an initial rotation to the state of
maximum fidelity with the W state that is achievable
by UWF (θ). Over 1000 trajectories were averaged for
TEA, and over 10, 000 trajectories for the ASLO and
zero feedback calculations. The measurement strength
is set to k = 1 MHz, corresponding to realistic values
for superconducting qubits [21, 32], and the time step is
set at ∆t 1k .
the rotation angles, a general measurement observable
X ′ will not be able to single out the W state from other
states in this subspace. After we impose this symmetry,
however, the W state becomes a non-degenerate eigen-
state of XW , and it becomes then possible to select out
the W state with a suitably designed sequence of feed-
back operations. We will discuss this role of symmetry
further when developing feedback protocols for the GHZ
state, where it places important physical constraints on
the measurement observable.
To numerically test on our protocol proposed in previ-
ous section (Eqs. (9) and (12)), we start from the prod-
uct state |000〉. Before evolving this state, we first locally
rotate it with UWF (θ) to a state with maximum fidelity.
Following this initial rotation, we evolve under the local
optimization protocol, computing the optimal feedback
coefficient at every time step using Eq. (12).
Fig. 7 shows the resulting trajectory ensemble aver-
age (TEA) fidelity (red solid line) with respect to the
W state, obtained by averaging over 1000 trajectories.
The TEA results are seen to saturate at fidelity ∼ 1
at a time of ∼ 1.5µs. We note that in order to en-
sure that the fidelity saturates at 1, it is necessary to
occasionally apply non-infinitesimal rotations when the
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FIG. 3: Optimal angle coefficients A1 and A2 evaluated
as a function of time for the ASLO protocol.
second derivative test fails (Eq. (15)). Detailed analy-
sis of the TEA ensemble showed that approximately 100
out of 104 trajectories, i.e., ∼ 1% required at least one
non-infinitesimal rotation angle (for a total of ∼ 105 time
steps). Without feedback, the fidelity remains constant
at the value 0.44 that is obtained after an optimal rota-
tion of θ = 2 arcsin( 1√
3
), which we plot for comparison
with a blue dashed line.
This TEA-based protocol implicitly assumes knowl-
edge of the entire measurement record for ρ, since the
optimal angle for the feedback unitary at any time t
depends on the input state state ρt ≡ ρct−dt, which by
induction implies knowledge of the state at all times.
Thus it is intrinsically a non-Markovian protocol. For
experimental implementation, this requires ability to do
real-time state estimation, which is both challenging and
time-consuming. An attractive alternative is the aver-
age state locally optimal (ASLO) protocol developed in
Ref. [21]. In the ASLO protocol, instead of feeding back
based on the controlled state in Eq. (6), we use an un-
conditioned state that is obtained by averaging over the
entire measurement record prior to the current time step
ρ¯t+dt ≡
∫ ∞
−∞
d(dV ) Tr(ΩdV ρ¯tΩ
†
dV )ρ
c
t+dt (24)
=
∫ ∞
−∞
d(dV ) UFΩdV ρ¯tΩ
†
dV U
†
F .
The state ρ¯t along the evolution is then understood as an
averaged state with deterministic dynamics. This is now
a Markovian protocol, since the dependence on the previ-
ous measurement history has been been removed by the
averaging. The feedback angle θ∗ (Eqs. (12) and (13))
at time t is determined from the unconditioned average
state ρ¯t and the current measurement record without re-
gard to the earlier history. An SME for ρ¯ may be sim-
ply obtained by averaging over (i.e., dropping) the terms
proportional to dW in Eq. (14), resulting in an efficient
simulation of an arbitrary ASLO feedback protocol.
Simulating the Markovian protocol of Eq. (24) requires
only a single time evolution for the averaged state. The
averaging procedure in Eq. (24) is a mathematical step
that corresponds to precisely the averaging over trajec-
tories with different measurement records and hence over
quantum noise histories that is done in an experiment.
The feedback unitary characterized by A1(t) and A2(t)
for the averaged state can be applied to any individual re-
alization of the state at each instant. This provides signif-
icant advantages for experimental implementation, since
A1(t) and A2(t) can be pre-calculated with the same pro-
cedure as described for the TEA approach in Section I B,
and the resulting feedback operation applied to each ex-
perimental trajectory without the need for real-time state
estimation.
Fig. 3 shows the evolution of the optimal feedback an-
gle coefficients A1(t) and A2(t) evaluated by this ASLO
protocol. The coefficient A2(t) determines the average
value of θ∗, while A1(t) determines its variance. It is ev-
ident that the average value is considerably smaller than
the variance at all except the earliest times in the evolu-
tion.
Using the optimized ASLO feedback angles, Eq. (13),
with ρt replaced by the unconditioned state ρ¯t) to control
the averaged state dynamics gives rise to a fidelity that is
shown in Fig. 7 by the dashed red line. The same initial
condition is used here as for the TEA protocol, i.e., the
3-qubit product state |000〉. It is apparent that while the
W state is reached with high fidelity within a comparable
time of approximately 600 ns, the ASLO protocol nev-
ertheless saturates slightly below unity, at ∼ 0.98. The
origin of this difference may lie in the different sampling
of the density matrix that is enabled by the TEA and
ASLO approaches. Note that while the procedure for
generating the coefficients A1(t) and A2(t) is identical,
Eq. (24), the input density matrices are different, with
the TEA approach sampling these from many trajecto-
ries while the ASLO approach takes just one averaged
trajectory. However, these two approaches can be identi-
cal in the situation which feedback cancels measurement
noise exactly, as is the case for two-qubit optimal con-
trol [22]. It should be noted that although the ASLO
protocol does not achieve unit fidelity, one can never-
theless still produce unit-fidelity states by adding a final
projective measurement. As the symmetry reduction has
removed all degeneracy from the measurement operator
X, the measurement outcome now uniquely determines
the state. Although the success probability under the
ASLO protocol is less than one, it has been significantly
enhanced by feedback. This argument applies to all pro-
tocols in which the symmetry reduction is made, so that
one may thereby interpret the final ASLO fidelity as a
success probability for perfect state preparation.
We can also easily extend the above approach to gen-
7eral Dicke states, which are defined as
|N, k〉 = 1√(
N
k
)ΣP∈SNP (|0〉⊗(N−k) ⊗ |1〉⊗k) (25)
where P is an operator belonging to the permutation
group SN on N qubits. When k = 1, we have the usual
W state. When k = N2 (N even or k =
N+1
2 when N
is odd), we have the half-filled Dicke state. We shall
measure the symmetric observable
XND = Z1 + Z2 + · · ·+ ZN . (26)
Imposing the permutation group symmetry on N qubits
allows the Dicke states to be represented within the sym-
metric subspace of dimension N + 1 [38]. Each state in
this subspace is just a Dicke state with k excitations,
which is also associated with a non-degenerate eigenspace
of the observable XND . In particular, the W state for N
qubits, defined as
|W 〉 = 1√
N
(|10 · · · 0〉N + |01 · · · 0〉N + · · ·+ |00 · · · 1〉N )
(27)
belongs to the eigenspace of XD with eigenvalue (N −
1) − 1 = N − 2. This implies that the computational
resources required to compute the feedback protocol scale
only polynomially with the number of qubits, which is a
huge improvement compared to the exponential scaling
of the full Hilbert space dimension.
The results of ASLO calculations with the locally op-
timal protocol of Section I B (see Eq. (14)) for Dicke
states with variable excitation number k for up to N = 48
qubits, are shown in Fig.4. The insets show the fidelity
reached for variable excitation k of N = 48 qubits (up-
per) and for single excitation (k = 1, W state) of up to
N = 100 qubits (lower). While we do not plot A1 and
A2, we note that A2 = 0 for half-filled Dicke states of odd
N . It is seen that for all target states shown here, the
final fidelity remains well above 0.9, showing that a sim-
ple Markovian-type feedback strategy exists to prepare
any of these maximally spin-squeezed states determinis-
tically.
III. GENERATION OF GHZ STATES
The GHZ state
|GHZ〉 = 1√
2
(|000〉+ |111〉) (28)
is the three-qubit state with both maximal multi-particle
entanglement and maximal fragility of three-way entan-
glement [37, 39]. To prepare this state we use the follow-
ing symmetric measurement observable
XSG = Z1Z2 + Z2Z3 + Z3Z1. (29)
XSG is the lowest order n-qubit observable that possesses
both full permutation symmetry and bit-flip symmetry.
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FIG. 4: Fidelity with respect to the kth Dicke state
consisting of N (N takes values from 3 to 48 in
increment of 3) qubits under the ASLO (Markovian)
protocol with locally optimal feedback, i.e.
time-evolved under Eq. (24) with UF determined as in
Section I B. Insets show cutouts along = 1 and N = 1,
where the latter includes also the N=100 case.
Together, these two symmetries induce a symmetric sub-
space HSG of the full Hilbert space. The basis vectors of
HSG are expressed in the computational basis as
|φ1G〉 =
1√
2
(|000〉+ |111〉) (30)
|φ2G〉 =
1√
6
(|011〉+ |101〉+ |110〉+ |100〉+ |010〉+ |001〉).
(31)
|φiG〉, i = 1, 2 are eigenstates of XSG with eigenvalues
e1 = +3 and e2 = −1. Within this subspace, the GHZ
state |φ1G〉 is then a non-degenerate eigenstate of XSG.
Thus, if we are able to restrict the dynamics governed
by Eq. (6) to this subspace, when combined together
with a suitably designed feedback protocol, a continuous
measurement of XSG should be able to extract the GHZ
state. Just as was done for the W state above, this can be
achieved by imposing the symmetry of XSG on the feed-
back rotation operator UF . We define the latter here by
a single rotation around the x axis, which is consistent
with the bit-flip symmetry, and set the rotation angles
to be equal for all three qubits, to be consistent with the
permutation symmetry. This yields the rotation operator
UGF (θ) = e
−i θ2 (X1+X2+X3). (32)
If the initial state is within HSG, then the action of UGF (θ)
will ensure that the subsequent evolution remains in HSG.
Similar to the analysis above for the W state, we then
determine the locally optimal angle θ∗ by maximizing the
fidelity at each time step
FG(t+ dt) = 〈GHZ|ρct+dt|GHZ〉, (33)
where ρct+dt is again the output state given by Eq. (6).
Full details of the procedure to determine the optimal
8angle for the GHZ target state are given in Appendix B.
Unlike the optimization for the W state where the second
derivative test failed in a small number of instances, the
GHZ state protocol fails this test very often (Eq. (15)).
Indeed, as shown in Appendix B, the optimal angle is
found to be always equal to either 0 or pi2 . Consequently
the SME Eq. (14), which assumes infinitesimal rotations,
cannot be used to simulate the dynamics and instead we
must use the full POVM equation Eq. (6).
The GHZ state allows an interesting alternative op-
timization approach, deriving from the fact that after
the dynamics are constrained to the symmetric subspace,
the dimension of the Hilbert space is reduced from eight
to two. Consequently, under these constrained dynam-
ics the three-qubit problem can be mapped to a single
qubit problem. This mapping is described explicitly in
Appendix B 2, where it is shown that this allows an al-
ternative approach to determination of the optimal angle
that also results in an optimal angle of either 0 or pi2 .
Fig. 5 shows the time dependence of the fidelity of
formation of the GHZ state obtained using the locally
optimal protocol within the ASLO approach, with the
symmetrized measurement XSG, and using as initial con-
dition the complete superposition state
1(√
2
)3 (|0〉+ |1〉)⊗ (|0〉+ |1〉)⊗ (|0〉+ |1〉) . (34)
We see that in this situation the fidelity under the ASLO
protocol asymptotically approaches unity.
It is instructive to compare the performance of this
protocol with its symmetrized measurement operator, to
that obtained from feedback control based on measure-
ments of an observable not respecting this permutation
symmetry. The one-body observable
XG = 2Z1 − Z2 − Z3 (35)
presents such an observable. This measurement opera-
tor is permutation symmetric only with respect to ex-
change of the last two qubits, and the target state is
then contained in a degenerate eigenspace with eigen-
value zero that is spanned by 1√
2
(|000〉 ± |111〉). While
we can still impose the symmetry condition on the feed-
back rotation operator, the measurement is now unable
to distinguish the target GHZ state from another state
( 1√
2
(|000〉−|111〉)) within the degenerate eigenspace. We
therefore expect that any feedback protocol based on this
measurement will be unlikely to reach unit fidelity. In
fact, the results achieved with this protocol, shown as
the blue line in Fig. 5, are of very low quality.
We can also generalize our protocol to the GHZ state
of N qubits, which is defined as
|GHZ〉N = 1√
2
(|00 · · · 0〉N + |11 · · · 1〉N ). (36)
The observable we use is still the two-body symmetrized
observable
XSG = Σ
i<j
ZiZj . (37)
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FIG. 5: Fidelity FG(t) of the controlled state with
respect to GHZ state as a function of time, obtained
from the locally optimal TEA approach. The red line is
the result obtained with the symmetric two-body
measurement operator XSG. The blue line shows the
result obtained with the non-symmetric one-body
measurement operator XG. All simulations were run
with measurement strength k = 1MHz and time step
∆t 1k , starting from the complete superposition state
(see text).
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FIG. 6: Fidelity of four-qubit GHZ state, computed
with the TEA protocol using the complete
superposition as initial state.
After imposing both the permutation and spin-flipping
symmetry, the corresponding symmetric subspace HSG
now has dimension N+12 when N is odd, and dimension
N
2 + 1 when N is even. Explicitly, the symmetrized basis
9set is given by
|φ1G〉 =
1√
2
(|00 · · · 0〉N + |11 · · · 1〉N ) (38)
|φ2G〉 =
1√
2N
ΣP∈SNP (1 + Π)|10 · · · 0〉N (39)
...
|φmG 〉 =
1√
2
(
N
m
)ΣP∈SNP (1 + Π)| 11 · · · 1︸ ︷︷ ︸
m
0 · · · 0〉N (40)
where Π = X1X2 · · ·XN is the spin-flipping operator.
The index m indicates how many spins are pointing
downward and runs from 0 to either N−12 (N odd) or
N
2 (N even). Note that every basis vector |φmG 〉 is
a non-degenerate eigenstate of the observable XSG. In
particular, the GHZ state is just |φ1G〉, with eigenvalue(
N
2
)
. Following the same procedure as for N = 3, we
choose the feedback rotation operator to be of the form
UF (θ) =
N⊗
i=1
e−i
θ
2Xi and start from the symmetric initial
state |ψ(0)〉 =
N⊗
i=1
|0〉+|1〉√
2
. The locally optimal rotation
angles are calculated using the same local expansion ap-
proach employed for N = 3 qubits (see Appendix B 1).
Results obtained with the trajectory ensemble ap-
proach for generation of the N = 4 GHZ state using this
locally optimal GHZ protocol are shown in Fig. 6. Under-
taking these non-Markovian locally optimal calculations
for the GHZ state is significantly more expensive than the
corresponding calculations for the W state in Section II.
However our results for N = 3 and N = 4 suggest that
the locally optimal approach may be similarly be scaled
beyond N = 4 to generation of many-body GHZ states,
as was done for the Dicke states in the previous section.
As noted in Section I B above, it is also possible to con-
struct feedback protocols based on cost functions provid-
ing a direct measure of entanglement, rather using as cost
function the fidelity with a specific target state. While,
as seen above, the latter choice simplifies many calcula-
tions, it does however require that a single specific target
state is singled out. This ignores the possibility that one
might be able to do better by targeting a different target
state that is nevertheless locally equivalent to the desired
target state. In Appendix C we present a method for de-
riving locally optimal protocols based on entanglement
measures, and apply it to directly optimize the three-
tangle, a measure of entanglement for three qubits that
achieves its maximal unit value for a GHZ state and all
locally equivalent states.
IV. SUMMARY AND OUTLOOK
We have presented a general, analytic construction
of locally optimal measurement-based feedback proto-
cols in which a time-dependent feedback unitary is de-
signed with two independent components, one of which
depends linearly on the measurement outcome with a
state-dependent coefficient, while the other depends only
on the quantum state. We term this approach “quantum
state and proportional feedback”, or PaQS feedback, to
emphasize the increased flexibility offered by these two
independent feedback components. We showed that the
resulting protocol can be modified to generate an aver-
age state locally optimal (ASLO), or Markovian protocol
that can be efficiently implemented.
We demonstrated the effectiveness of this PaQS feed-
back by applying it to the generation of W, Dicke and
GHZ states for N = 3−100 qubits, highlighting the util-
ity of symmetry constraints. The non-Markovian control
protocols were found to saturate at unit fidelity with the
target state in all cases, while the ALSO approach was
found to saturate at slightly lower than unit fidelity for
the W and Dicke states. It is remarkable that the signif-
icant constraints imposed by Markovianity yield only a
slight reduction in performance.
Several interesting challenges derive from systematiza-
tion of this PaQS feedback approach. One question is
how to choose the functional form of the feedback opera-
tors. A second general question is which classes of quan-
tum states may be generated given specific choices of the
measurement and feedback operators. A third issue is
the rate of approach to the target state. Recent work has
shown that global exponential stabilization of two-level
systems is possible by feedback based on a combination
of quantum state and measurement proportional control
similar to that introduced here [40]. Whether global and
or exponential stabilization is possible for higher dimen-
sional quantum systems is an important question for fur-
ther work.
Another interesting question for further study is the
relative benefits of different cost functions. This work fo-
cused primarily on the use of a maximal quantum state
fidelity cost function. However for the N = 3 GHZ state
we also derived a feedback protocol based on optimizing
an entanglement measure, the three-qubit tangle, which
is invariant to single qubit rotations. This required a
modified feedback protocol in which the state is con-
trolled before the measurement. The tangle is one of
several invariants for three-qubit states. Investigation
of feedback protocols based on optimization of the cor-
responding invariants for higher numbers of qubits is a
challenging topic for future work.
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Appendix A: Second Derivative Test for Local
Optimal Control
In this Appendix we discuss the situation when the
infinitesimal solution Eqn. (9) with Eqn. (12) fails to pass
the second derivative condition, Eq. (15). Using the
same expansion as in Section I B, we have
〈ψT |[H, [H, ρc]]|ψT 〉 = 〈ψT |[H, [H, ρ]]|ψT 〉+ 〈ψT |[H, [H,Y ρ+ ρY †]]− iA1[H, [H, [H, ρ]]]|ψT 〉dW (A1)
+ 〈ψT |[H, [H,D[Y ]ρ]] +A21[H, [H,D[H]ρ]]− i[H, [H, [H,A1(Y ρ+ ρY †) +A2ρ]]]|ψT 〉dt > 0
(A2)
We can see that due to the stochastic nature of dW , there will always be some non-zero probability that this
condition is violated. Specifically, when
|dW | >
∣∣∣∣ 〈ψT |[H, [H, ρ]]|ψT 〉+ 〈ψT |[H, [H,D[Y ]ρ]] +A21[H, [H,D[H]ρ]]− i[H, [H, [H,A1(Y ρ+ ρY †) +A2ρ]]]|ψT 〉dt〈ψT |[H, [H,Y ρ+ ρY †]]− iA1[H, [H, [H, ρ]]]|ψT 〉
∣∣∣∣
(A3)
the infinitesimal solution will give a local mini-
mum instead of a maximum. As long as the term
〈ψT |[H, [H, ρ]]|ψT 〉 is not zero (note that this term is al-
ways non-negative if the fidelity of ρ is assumed to be
locally maximal), in the limit that dt goes to zero, the
violation probability will be small for sufficiently small
dt.
Appendix B: Optimal Angle for GHZ State with
Two-body Observable
1. Local Expansion Method
We can also use the calculus method of local expansion
employed in Section I in order to find the optimal angle
for the GHZ state. Using Eq. (8), we have an explicit
expression of G proportional to sin(2θ) provided the input
state is an extremal state. So the optimal angle would be
either 0 or pi2 . However, an extremal state can be either
a local maximum or minimum. To determine which of
these will be generated at time t + dt, we look again at
the second derivative of the fidelity function (Eq. (15)):
d2F
dθ2
= cos(2θ)[
3− 6ρ11 − 2
√
3ρ12
2
(B1)
+ 4
√
2kdW (6ρ211 −
√
3ρ12 + 2ρ11(−3 +
√
3ρ12))
+ 16
√
3kρ12dt].
It is then evident that the optimal choices of angle to
ensure that the sign of the second derivative is negative
are θ∗ = 0 or θ∗ = pi/2, depending on the sign of the
state-dependent term in parentheses.
2. Mapping of N = 3 GHZ state to a single qubit
state
Since the symmetric subspace obtained by imposing
the S3 permutation symmetry on three qubits, has di-
mension two, we can map the three-qubit problem into
an effective single-qubit representation. The geometric
meaning of the resulting control protocol will become
clear below.
In order to ensure that the state stays in the symmetric
subspace, we have to apply a symmetric rotation around
the qubit x axes:
UF = e
−i θ2 (X1+X2+X3). (B2)
Then the symmetric subspace within which the dynamics
takes place is spanned by
|0˜〉 = 1√
2
(|000〉+ |111〉) (B3)
|1˜〉 = 1√
6
(|100〉+ |010〉+ |001〉+ |011〉+ |101〉+ |110〉)
(B4)
The |0˜〉 basis is just the GHZ state we are trying to gen-
erate. Let us see how encoded operations are realized in
this subspace. First, the rotation axis Σ ≡ X1 +X2 +X3
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FIG. 7: Bloch sphere illustrating the geometric meaning
of the locally optimal control protocol for the GHZ
state. The blue vector nˆ = (
√
3
2 , 0,
1
2 ) is the rotation
axis. Initially, our state is located exactly along this
direction. Note that the measurement will always keep
the state in the xoz plane, where o denotes the origin.
Suppose that after a measurement, the state is one of
the two red dashed vectors. The feedback operator will
rotate this vector along the yellow circle around the nˆ
axis. To maximize the fidelity with respect to the |0˜〉
state, we should always rotate it to the upper position
labeled by |ψ〉. This means that the rotation angle θ
should be 0 or pi2 , depending on whether the state is
above or below nˆ after the measurement. The green
circle at constant z is drawn for reference as a visual aid.
is equivalent to
Σ˜ =
(〈0˜|Σ|0˜〉 〈0˜|Σ|1˜〉
〈1˜|Σ|0˜〉 〈1˜|Σ|1˜〉
)
=
(
0
√
3√
3 2
)
(B5)
= I˜ +
√
3X˜ − Z˜
We can drop the identity here since it only gives a global
phase. Then we have
Σ˜ =
√
3X˜ − Z˜ = 2nˆ · ~˜σ, (B6)
where nˆ = (
√
3
2 , 0,
1
2 ) is a unit vector lying in the x − z
plane which gives us the rotation axis, and ~˜σ is just the
vector of the effective Pauli matrices. So in the effec-
tive single qubit picture, the rotation operator σ˜ and the
corresponding rotation angle θ˜ are given by
σ˜ =
√
3
2
X˜ − 1
2
Z˜ (B7)
θ˜ = 2θ (B8)
Note that the rotation angle in the effective single qubit
space is equal to twice that in the original space.
Now let us look at the measurement process, which is
given by the encoded operator
X˜obs ≡
(〈0˜|Xobs|0˜〉 〈0˜|Xobs|1˜〉
〈1˜|Xobs|0˜〉 〈1˜|Xobs|1˜〉
)
=
(
3 0
0 −1
)
= I˜ + 2Z˜
(B9)
The evolution equation is given by Eq.(2) of the main
text. In our case, the Hamiltonian is zero, and for the
terms deriving from the measurement, we have
D[I˜ + 2Z˜] = D[2Z˜] (B10)
M[I˜ + 2Z˜] =M[2Z˜]. (B11)
Dropping the identity in the measured observable, we
find that the measurement in the effective single qubit
subspace is a measurement along the encoded z axis, with
a four-fold increase in the measurement strength, i.e.,
X˜obs = Z (B12)
k˜ = 4k. (B13)
where k˜ is the effective measurement strength in the sin-
gle qubit space.
It is easy to show that the initial state |ψ〉0 = ( 1√2 (|0〉+
|1〉))⊗3 becomes
|ψ˜〉0 = 1
2
|0˜〉+
√
3
2
|1˜〉 (B14)
in the effective single qubit space, or in Bloch vector form,
ρ˜0 = |ψ˜〉0〈ψ˜|0 ∼ (
√
3
2
, 0,−1
2
) (B15)
The fidelity with respect to the GHZ state is then given
in terms of this Bloch vector by
f ≡ 〈0˜|ρ|0˜〉 = 1 + z˜
2
, (B16)
where z˜ is the z component of the Bloch vector in the
effective single qubit space. Clearly the rotation angle
has to be equal to either 0 or pi2 , in order to ensure that
this fidelity is optimal at each time step.
Appendix C: Tangle-based protocols
Here we present an alternative locally optimal protocol
for generation of a three-qubit GHZ state that is based
on optimization of the three-tangle τ , which provides a
measure for tripartite entanglement [41, 42]. This proto-
col has the advantage that it not only differentiates be-
tween the two distinct types of tri-partite entanglement
of three-qubit states, but is also invariant under local ro-
tations of the state. Under this measure the GHZ state
reaches the upper bound, with value τ = 1, while all two-
particle entanglements are zero [43, 44]. In the following
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FIG. 8: Time dependence of the three-tangle τ and the
fidelity FG for three qubits with the TEA protocol
using feedback based on direct optimization of the
three-tangle cost function τ (Eqn. (C1)). The initial
condition here is the complete superposition state,
Eq. (34). Red solid curve: three-tangle for state
measured with two-body observable, averaged over 1000
trajectories. Red dashed curve: fidelity with respect to
GHZ state, same state evolution as the red solid curve.
Blue solid curve : three-tangle of state measured with
one-body observable, averaged over 100 trajectories.
For all trajectories the measurement strength was k = 1
and time step dt 1k .
we shall maximize the tangle under measurements of the
symmetrized two-body operator XSG, Eq. (29).
We note first that starting from a pure state, the con-
ditioned state (Eq. (3)) after the weak measurement will
still be pure. So if we avoid averaging the state along
the evolution over measurement outcomes, the state will
remain pure at all times. This allows us to use the pure
state definition of the three-tangle [42]
τ = τ(ABC) = τ(A|BC)− τ(A|B)− τ(B|C), (C1)
where the quantities on the right hand side (referred to
as “two-tangles”) are given by squares of the relevant
concurrences [42]. This considerably simplifies the de-
termination of the feedback angles, since computing the
tangle for a mixed state can be very difficult, involving
determination of a convex roof extension [45].
Since the tangle is invariant under our feedback uni-
tary operations, the maximization procedure used for the
fidelity cost function in the main text of the paper does
not work here. Instead, we determine the optimal angle
by maximizing the expected increase in tangle after mea-
surement. The feedback angle at each infinitesimal time
step is now computed as follows. At time t, the (pure)
input state |ψ〉t is rotated using the feedback control op-
(a) Histograms of control angle distribution as a function of
time. 20 snapshots of the angle distribution are taken between
the initial and final times, with the control angle space [0, pi]
divided into 50 bins in each snapshot. The count ratio for the
0 angle bin gradually increases to 1, indicating approach to a
steady state.
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(b) Four snapshots of the angular distribution, at times t = 0,
0.1 µs, 0.2 µs, and 1.9 µs. The distribution rapidly becomes
dominant in the first bin, and subsequent rotations of the state
are very small.
FIG. 9: Histograms of control angle distributions
resulting from optimization of the three-tangle at
different times. The total trajectory count is 1000. The
y-axis shows the normalized count in each bin.
erator UGF (t) (Eq. (32))
|ψ〉ct = UGF (t)|ψ〉t, (C2)
with the rotation angle parameter determined as de-
scribed below. We then make a weak measurement on
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the controlled state:
|ψ〉ct+dt =
ΩdV |ψ〉ct
‖ΩdV |ψ〉ct‖
(C3)
=
ΩdV U
G
F (t)|ψ〉t
‖ΩdV UGF (t)|ψ〉t‖
. (C4)
Note that we are now controlling the state before the
measurement instead of after measurement: we choose
to do this because a local rotation on a pure state will
not change the value of the tangle for the state, so the
tangle is not affected by the control.
Now the choice of rotation should not be determined by
a particular measurement outcome that occurs after im-
position of the control. Therefore in order to obtain the
optimal rotation angle while avoiding issues of causality,
we may simply average the tangle over all possible mea-
surement outcomes and choose the control rotation as
the value maximizing this average, i.e.,
U∗F (t) = argmax
UF (t)
∫
dV τ(|ψ〉ct+dt). (C5)
This requires sampling values of rotation angle and eval-
uating the average over measurement outcomes for each
case. The state is then evolved forward by acting with
the measurement after the optimal rotation, yielding the
evolution described by Eq. (C3) with UF (t) replaced by
U∗F (t).
Fig. 9a shows that when this tangle-based protocol is
implemented using the two-body measurement observ-
able XSG, both the value of the three-tangle τ and the
corresponding fidelity FG appear to asymptotically reach
a value of one, although on a slower timescale than the
corresponding fidelity under the fidelity based approach
(compare with Fig. 5). In contrast, when the tangle-
based optimization is used with the non-symmetrized
one-body observable XG for measurement, a significantly
lower value of the tangle is obtained, with an asymptotic
value of approximately 0.7 being reached. It is thus ev-
ident again that a protocol based on symmetrized two-
body observable measurements significantly outperforms
a protocol based on measurement with a non-fully sym-
metrized observable.
The three-tangle τ is one of five non-trivial polyno-
mial invariants that characterize normalized three-qubit
states [43, 44]. Our work suggests that optimization of
multiple invariants might be useful for construction of
feedback protocols to systematically generate arbitrar-
ily entangled three-qubit states. For three-qubit states,
τ achieves its maximal value for the GHZ state and all
other invariants automatically reach the boundary value.
In this case, optimizing the tangle alone then guarantees
that the other invariants reach the correct values for the
state. This is not the case for other states in general.
One alternative choice of cost function in more general
situations is to use the sum of the squared differences be-
tween the invariants of the current state and the target
state, which can act as a measure of the distance between
the two states.
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